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The hybrid time-domain boundary element method, together with the multi-region technique, is applied to simulate the
dynamic process of propagation and/or kinking of an interface crack in a two-dimensional bi-material. The whole bi-mate-
rial is divided into two regions along the interface. The traditional displacement boundary integral equations are employed
with respect to each region. However, when the crack kinks into the matrix material, the non-hypersingular traction
boundary integral equations are used with respect to the part of the crack in the matrix. Crack propagation along the inter-
face is numerically modelled by releasing the nodes in the front of the moving crack-tip controlled by the fracture criterion.
Kinking of the interface crack is controlled by a criterion developed from the quasi-static one. Once the crack kinks into
the matrix, its propagation is modeled by adding new elements of constant length to the moving crack-tip controlled by a
criterion extended from the quasi-static maximum circumferential stress. The numerical results of the crack growth trajec-
tory for diﬀerent material combinations are computed and compared with the corresponding experimental results. Good
agreement between numerical and experimental results implies that the present boundary element numerical method can
provide an excellent simulation for the dynamic propagation and deﬂection of an interface crack.
 2006 Elsevier Ltd. All rights reserved.
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method1. Introduction
Interfaces between diﬀerent phases inherently exist in composites and the interfacial failure mode often is
the principal one in the process of the manufacture or application. Such composites may be subjected to0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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interfacial failure is in the focus of interest of many experts of materials science and fracture mechanics.
Some fundamental features of dynamic interfacial cracks have been discussed by Willis (1971), Yang et al.
(1991) and Wu (1991) among others. The steady state or the singular ﬁelds close to the tip of a crack growing
along the interface between two anisotropic elastic solids is given in Yang et al. (1991). However, for general
transient dynamic interfacial crack problems, analytical solutions are very diﬃcult to obtain due to the math-
ematical complexity of the problem. Thus numerical methods are essential for investigating the various fea-
tures of dynamic crack propagation along bi-material interfaces.
Under appropriate loading conditions, an interfacial crack may certainly propagate along the interface. This
problem has been studied numerically byKavaturu and Shukla (1988), Lo et al. (1994, 1995), Xu andNeedleman
(1996) and experimentally by Lambros and Rosakis (1995,). In each of these studies, criteria were developed to
govern the dynamic crack growth along the interface. However, in many cases, an interfacial crack will not grow
along the interface but deﬂect from it either directly at initiation or after some interfacial growth. This phenom-
enon is usually termed ‘‘crack kinking’’. He andHutchinson (1989) developed a fracture criterion (HH-criterion)
for determining an interfacial crack kinking under quasi-static loading. Following their work, some researchers
such as Geubelle and Knauss (1994) revised this criterion. But until now, no numerical studies on crack kinking
from an interface under dynamic loading have been done to the knowledge of the authors. It is still an open ques-
tion whether the criteria developed for the quasi-static case can be extended to dynamic loading conditions.
In the present paper, interfacial crack kinking under dynamic loading is studied by a time-domain bound-
ary element method (BEM) which combines non-hypersingular time-domain traction boundary integral equa-
tions (BIEs) and traditional time-domain displacement BIEs (Lei et al., 2003). The crack growth along the
interface is controlled by a dynamic fracture criterion developed by Lo et al. (1994) while crack growth in
the homogeneous matrix after kinking is governed by a dynamic fracture criterion which has been used in
our previous studies (Lei et al., 2004) for a fast running crack in a bi-material. Crack kinking from the inter-
face under dynamic loading is determined by the fracture criterion (HH-criterion) extended from the quasi-
static case (He and Hutchinson, 1989). Numerical results are presented for diﬀerent material mismatches
and compared with the corresponding experimental results by Kimberley and Lambros (2004) to verify the
numerical method and the criteria developed in this paper.
2. Problem formulation
Consider the plane strain problem of a pre-existing interfacial crack in a bi-material with arbitrary geom-
etry and loading, see Fig. 1. Both materials are assumed to be isotropic and linearly elastic. In the initial state,pre-crack
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Fig. 1. Problem modeling.
998 J. Lei et al. / International Journal of Solids and Structures 44 (2007) 996–1012the domains of material 1 and 2 are surrounded by the external boundaries oB1ex ¼ oB1t þ oB1u þ oB1in and
oB2ex ¼ oB2t þ oB2u þ oB2in, respectively. Here oB1=2in denotes the interface; oBjt is the part of the external boundary
with prescribed tractions t^aðx; tÞ; and oBju is the remaining external boundary with prescribed displacements
u^aðx; tÞ. The unit normal vectors of all boundaries are shown in Fig. 1. Under dynamic loading, the pre-crack
will either stay along the interface or deﬂect from the bonded interface into a softer matrix, see the dotted lines
depicted in Fig. 1. Without any loss of generality, we assume material 2 is the more compliant one and take all
propagating possibilities into account in what follows. Cin(t) represents the upper and lower interfacial crack
faces and it satisﬁes CinðtÞ  oB1=2in . C(t) represents the kinking crack faces, which is understood to appear only
when the crack kinking happens.
2.1. Model description
The material parameters are given as follows: shear modulus lj, Lame´ constants kj; Poisson’s ratio mj; mass
density qj; the shear and longitudinal wave velocities are c
j
T ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lj=qj
q
and cjL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkj þ 2ljÞ=qj
q
with the super-
script j = 1 and 2 representing material 1 and 2, respectively.
Both components satisfy the balance equations and the Hooke’s law:rjab;b ¼ qj€uja ð1Þ
rjab ¼ Ejabcdujc;d ð2Þwhere Ejabcd is the elasticity tensor; r
j
ab and u
j
a denote the stress and displacement components; a comma after a
quantity designates spatial derivatives; while the dots stand for temporal derivatives. The conventional sum-
mation rule over double indices is applied with Greek indices a, b, c, d = 1, 2 for the present 2D problem.
The possible contact of closed crack faces is taken into account by using the penalty method developed by
Seelig (1997). The contacting crack faces are assumed to be friction-free so that the traction vector on the
crack faces is identiﬁed via the pressure p:taðx; tÞ ¼ pðx; tÞnaðxÞ; x 2 CinðtÞ [ CðtÞ: ð3Þ
During contact the kinematic condition of vanishing displacement jump in the normal direction:Dunðx; tÞ  Duaðx; tÞnaðxÞ ¼ 0; ð4Þ
must be fulﬁlled where Dua(x, t) is the crack opening displacements (CODs) deﬁned as:Duaðx; sÞ ¼ uaðx 2 Cþ; sÞ  uaðx 2 C; sÞ:
According to the penalty method in Seelig (1997), the contact pressure is considered to be proportional to the
inadmissible material penetration:pðx; tÞ ¼ cp
2
½Dunðx; tÞ  jDunðx; tÞj; ð5Þwhere the penalty-stiﬀness cp has to be selected a factor 1000 times greater than the stiﬀness of the material.
The contact pressure p is, hence, negative for the closed crack (Dun < 0) and vanishes for the open crack
(Dun > 0).
The interface conditions of the perfectly bonded interface are:t1aðx; tÞ ¼ t2aðx; tÞ; u1aðx; tÞ ¼ u2aðx; tÞ; x 2 oBin=CinðtÞ; ð6Þ
what means that the tractions and displacements are continuous across the interface. At the external bound-
ary, we have:tjaðx; tÞ ¼ t^jaðx; tÞ; x 2 oBjt ð7Þ
ujaðx; tÞ ¼ u^jaðx; tÞ; x 2 oBju ð8ÞFinally, the initial conditions areujaðx; 0Þ ¼ _ujaðx; 0Þ ¼ 0: ð9Þ
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The time-domain BEM described by Zhang and Gross (1993) in conjunction with the multi-region tech-
nique as used by Lei et al. (2003, 2004) are adopted to treat this problem. This leads to a feasible application
of non-hypersingular time-domain traction BIEs and traditional time-domain displacement BIEs. For the
external boundaries oB1ex and oB
2
ex, the traditional displacement BIEs are written as:cabðxÞu1bðx; tÞ ¼
Z 
oB1ex
u1Gba ðx; t; y; sÞ  t1bðy; sÞ  n1cðyÞr1Gbcaðx; y; t  sÞ  u1bðy; sÞ
n o
dsðyÞ x 2 oB1ex ð10Þ
cabðxÞu2bðx; tÞ ¼
Z 
oB2ex
u2Gba ðx; t; y; sÞ  t2bðy; sÞ  n2cðyÞr2Gbcaðx; t; y; sÞ  u2bðy; sÞ
n o
dsðyÞ
þ
Z
CðtÞ
n2cðyÞr2Gbcaðx; t; y; sÞ  Dubðy; sÞdsðyÞ x 2 oB2ex ð11Þand for the kinking crack C(t), the non-hypersingular time-domain traction BIE is written as:t2aðx; tÞ ¼ E2actdn2cðxÞ
Z
oB2ex
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2G
betðx; t; y; sÞ
n
 ou
2
b
os
ðy; sÞþq2u2Gbt ðx; t; y; sÞ  €u2bðy; sÞn2dðyÞ
o
dsðyÞ
 n2cðxÞ
Z
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Z 
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eedr
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n
 oDub
os
ðy; sÞ þ q2u2Gbt ðx; t; y; sÞ  D€ubðy; sÞn2dðyÞ
o
dsðyÞ x 2 CðtÞ ð12Þwhere the quantities with the superscript G are the 2-D elastodynamic Green’s functions for stresses or dis-
placements (Seelig, 1997); cab(x) is a constant matrix which depends on the position of the collocation point
x and reduces to dab/2 for a smooth boundary (where dab is Kronecker delta); eed is the 2-D permutation tensor
(Lei et al., 2003). It is understood that the integrals ‘
R 
’ appearing in Eqs. (10)–(12) are in the sense of Cauchy
principal values.
2.3. Fracture criterion
Under a general dynamic loading, the pre-existing interfacial crack will either stay on the interface or
deﬂect into a softer matrix. A dynamic fracture criterion which is generalized from HH criterion is proposed
to control this dynamic fracture behavior (and thus it is named dynamic HH criterion). In addition, two addi-
tional criteria are needed to determine the crack growth along the interface and in the homogeneous matrix,
respectively.
2.3.1. Dynamic HH criterion
Consider a semi-inﬁnite crack lying on the interface between two semi-inﬁnite blocks of isotropic elastic
solids with diﬀerent material properties as shown in Fig. 2. A straight crack segment of length Da and kink
angle u (positive clockwise) kinks into material 2. The length Da is assumed to be small compared to the lengthsemi-infinite interfacial crack
aΔ
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Fig. 2. Propagation and kinking of an interfacial crack.
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eters: Cdin dynamic interface toughness; C
d
1 and C
d
2 the critical dynamic energy release rates of materials 1 and 2;
G(Da, u) the dynamic energy release rate when the crack is extended by a straight segment of length Da under
an angle u. We further denote:Gin ¼ GðDa; 0Þ; Gm ¼ GðDa;u0Þ ¼ maxðGðDa;uÞÞ; u 2 ð0; 180Þ:
The dynamic HH criterion, used to assess whether an interfacial crack will tend to propagate along the inter-
face or advance by kinking out of the interface, is stated as follows. If GinGm P
Cd
in
Cd
2
, the crack will stay on the inter-
face. Whether the crack will propagate along the interface or remain stationary is governed by the dynamic
fracture criterion along the interface which will be introduced in Section 2.3.2. If GinG m <
Cd
in
Cd
2
, the crack will tend
to deﬂect out of the interface, but the kinking happens with the kink angle being u0 just as the inequality
G m P Cd2 is satisﬁed. Otherwise, when Gm < C
d
2, the crack will stay in the current state (stationary or prop-
agating along the interface). The kinking velocity (if kinking happens) is assumed to be equal to the current
speed of the crack along the interface in the numerical simulation.
2.3.2. Fracture criterion along the interface
The dynamic fracture criterion developed by Lo et al. (1994) is used to control the dynamically propagating
interfacial crack. According to this criterion, continuous crack growth is possible if the driving force Gin is at
least equal to the dynamic interface toughness Cdin. Physically, the dynamic fracture toughness C
d
in of an inter-
facial crack may depend on several factors. Here we assume Cdin is known as a function of the current crack-tip
velocity _a and the phase angle w. Under these conditions, crack propagation takes place when:Y t ¼ Gin  Cdinð _a;wÞP 0: ð13Þ
There is limited experimental work in this area, and no accurate data exist for the toughness of dynamic inter-
facial cracks. Therefore, the functional dependence of the toughness of a dynamic interfacial crack is postu-
lated to be the same as proposed by Lo et al. (1994):Cdinð _a;w;#; cÞ ¼
Cinð1 _a=vlimÞc
1þ ð# 1Þ sin2 w ;where Cin can be regarded as the dynamic crack initiation toughness when w = 0
0 and vlim is the upper limit of
the crack-tip velocity. The parameters c and # can be varied to adjust the function to the experimentally ob-
served fracture toughness of a dynamically growing crack to allow the formula to cover a wide range of mate-
rials (Lo et al., 1994). Here we select # = 0.3, c = 0.2 and vlim as the shear wave speed of the material #2 in our
computation.
2.3.3. Fracture criterion in a matrix
As applied in Lei et al. (2004), Seelig (1997), the fracture criterion in a homogeneous matrix adopted here is
similar to the maximum circumferential stress criterion developed by Rice (1988) for the quasi-static case,
which states that crack advance will take place in the direction h0 of the maximum circumferential stress
rhh when this stress reaches the same critical value as in pure mode-I fracture. The critical stress can be rep-
resented by the dynamic fracture toughness KID(c) that has to be determined experimentally. It is noted that
rhh and the dynamic fracture toughness KID are functions of the crack-tip speed c. IntroducingRt ¼ max rhhðh; _a;KI;KIIÞ  rhhðh ¼ 0; _a;KID; 0Þ; ð14Þ
where KI and KII are the dynamic stress intensity factors (DSIFs), the fracture criterion states that the crack
will grow once Rt P 0.
3. Numerical solution procedure
To solve Eqs. (10)–(12), discretization in both time and space with proper interpolation functions is
required.
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In the current application, the system of Eqs. (10)–(12) is converted into a ‘discrete’ form by using discret-
ization in both time and space with proper interpolation functions. Firstly, the time interval of interest [0, t] is
equally divided into m steps of the span Dt. Constant-length boundary elements are employed to divide the
external boundaries of the two materials, oB1=2ex ! o~B1=2ex ¼
SE1=2ex
e¼1Ce. The interfacial crack faces are a part of
the interface and discretized, CinðtÞ ! ~CinðtÞ ¼
Sj
e¼iþ1Ce. The constant length of the interfacial crack elements
is assumed to be Dyin. The crack growth along the interface is simulated by releasing the element nodes adja-
cent to the growing crack-tip. The kinking crack propagation in the matrix is simulated by adding new straight
elements of constant length Dyin on the growing crack-tip at an adaptable time (for details, we refer to Lei
et al., 2004; Seelig, 1997). In this manner the element-numbers ECinðtÞ of the interfacial crack and EC(t) of
the kinking crack vary with time t.
3.2. Temporal and spatial interpolation functions
The unknown CODs, displacements and tractions along the boundaries are approximated by using the
piecewise interpolation functions in both time and space similar to those in Gao and Tan (1992). So only a
brief description is presented here.
Within each time step the displacements are approximated by linear time interpolation functions and the
tractions are piecewise constant. The time integrals are calculated analytically for these simple temporal shape
functions. It should be noted that the singular stress oscillations characterized by the imaginary part of the
complex stress intensity factor in the vicinity of the interfacial crack-tip are ignored. The same treatment
can be found in Lee and Choi (1988), Gao and Tan (1992). Here we adopt ge(y) as the spatial function to sim-
ulate the real part of the complex stress intensity factor of the interfacial crack and kinking crack. For the ﬁrst
elements at the crack-tips, i.e., e = 1 and EC(t) or ECinðtÞ, the detailed expression of ge(y) is geðyÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2r=Dy in
p
;
for the elements next to the ﬁrst elements, i.e., e = 2 and EC(t)  1 or ECinðtÞ  1 the interpolation function is
chosen as geðyÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2r=3Dyin
p
; and for the remaining (inner) elements ge(y) = 1.
After the discretization in time and space, the system of Eqs. (10)–(12) in conjunction with the boundary
conditions (4), (6)–(9) can be rewritten into a set of algebraic equations for the unknown coeﬃcients, which
can be solved by using a Gaussian elimination scheme. The reader is referred to Lei et al., 2004; Seelig, 1997
for details.
3.3. Calculations of some fracture mechanics parameters
3.3.1. The propagating interfacial crack
There are several methods using BEM to determine the complex DSIF K of an interfacial crack such as the
displacement extrapolation technique (Zhang et al., 1999), the singular crack-tip element method (Gao and
Tan, 1992) and the contour integral method (Miyazaki et al., 1993). In this paper, we directly extend the dis-
placement extrapolating formulae for a stationary interfacial crack introduced by Gao and Tan (1992) to the
dynamic growing interfacial crack using the deﬁnition of the complex COD to compute the complex dynamic
stress intensity factor. The complex COD, d, can be deﬁned as d = d1 + id2, where d1 and d2 are the tangential
and normal COD. Considering only the K-dominant terms in the series solution for an interfacial crack, the
CODs of the crack faces can be represented as:d1ðrÞ ¼ H 22
coshðpeÞ
ﬃﬃﬃﬃﬃ
2r
p
r
jKj
g
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4e2p sinð/þ e ln r  tan
1ð2eÞÞ; ð15Þ
d2ðrÞ ¼ H 22
coshðpeÞ
ﬃﬃﬃﬃﬃ
2r
p
r
jKjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4e2p cosð/þ e ln r  tan
1ð2eÞÞ; ð16Þwhere r is the distance from the crack-tip; / = eln (r/2a); a is the length of the interfacial crack; g is a traction
resolution factor given by g ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃH 22=H 11p ; and e is the oscillatory index and deﬁned by Dundurs’ parameters b:
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2p
ln
1 b
1þ b ; b ¼
H 12ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H 11H 22
p ð17Þwhere Hij is the component of the following 2 · 2 complex variable matrix H,H ¼
f1ð1f21Þ
l1D1
þ f2ð1f22Þl2D2 i
1þf212n1f1
l1D1
 1þf222n2f2l2D2
 
i 1þf212n1f1l1D1 
1þf222n2f2
l2D2
 
n1ð1f21Þ
l1D1
þ n2ð1f22Þl2D2
2
64
3
75 ð18Þwith na ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ð _a=caLÞ2
q
, fa ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ð _a=caT Þ2
q
and Da ¼ 4nafa  ð1þ f2aÞ2.
Then the CODs can be related to the magnitude of the complex stress intensity factor throughjKj ¼ coshðpeÞ
H 22
lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pð1þ 4e2Þ
2r
r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g2d21 þ d22
q( )
: ð19ÞIn this formulation, the small region of oscillations in the crack face displacements predicted by the linear elas-
tic theory is ignored based on Rice’s small-scale model (Rice, 1988). For _a ¼ 0, Eq. (19) can be simpliﬁed asjKj ¼ 4p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4e2p coshðpeÞ
c1 þ c2 limr!0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d21 þ d22
q
ﬃﬃﬃﬃﬃﬃﬃ
2pr
p :whereca ¼ ðja þ 1Þ=la; e ¼
1
2p
ln
j1=l1 þ 1=l2
j2=l2 þ 1=l1
;with ja = 3  4ma for the plane strain state and ja ¼ 3ma1þma for the plane stress state.
The crack-tip mode mixity or phase angle is the function of the distance from the crack-tip:wðLÞ ¼ tan1 Im½KL
ie
Re½KLie
 
: ð20ÞHere we determine the crack-tip mode mixity w for L! 0, that isw ¼ tan1 KII
KI
 
; ð21Þwhere KII/KI can be computed from:KII
KI
¼ lim
r!0
1 d2
d1
tan½e lnðr=aÞ  2e
1þ 2e tan½e lnðr=aÞ
d2
d1
þ tan½e lnðr=aÞ  2e
1þ 2e tan½e lnðr=aÞ
								
								
: ð22ÞThe dynamic energy release rate for a propagating interfacial crack is given by Yang et al. (1991) as:G ¼ H 22
4cosh2ðpeÞ jKj
2
: ð23Þ3.3.2. The propagating kinked matrix crack
The DSIFs at a running kinking crack-tip can be calculated from Lei et al. (2004):KIðt; _aÞ ¼ B1ð _aÞl
ﬃﬃﬃﬃﬃ
2p
p
lim
r!0
d2ðr;tÞﬃ
r
p ;
KIIðt; _aÞ ¼ B2ð _aÞl
ﬃﬃﬃﬃﬃ
2p
p
lim
r!0
d1ðr;tÞﬃ
r
p ;
8<
: ð24Þ
J. Lei et al. / International Journal of Solids and Structures 44 (2007) 996–1012 1003whereB1=2ð _aÞ ¼
4b1b2  1þ b22

 2
4b1=2 1 b22

  ;
with b1=2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 _a=cL=T

 2q
for _a 6¼ 0 and simpliﬁed as [4(1  m)]1 for _a ¼ 0.
The dynamic energy release rate for a propagating kinked crack can be achieved from Freund (1972) as:Gðt; _aÞ ¼ 1 b
2
2
4b1b2  ð1þ b22Þ2
b1K
2
I þ b2K2II
2l
: ð25Þ3.4. Discrete modelling of crack propagation
Assume the interfacial crack is stationary initially. Under dynamic loading, it will either start to propagate
along the interface or kink out oﬀ the interface. The crack deﬂecting behavior is numerically simulated
through the following steps.
(1) Compute the driving forces Gin and Gm.
(2) If the inequality Gm P Cd2 is satisﬁed, then employ the dynamic HH criterion to estimate whether the
crack will stay on the interface or deﬂect.
(3) If the crack deﬂects, then apply the fracture criterion in a matrix to control the kinked crack; if not,
employ the fracture criterion along the interface to control the propagation along the interface, then
repeat the steps from (1) to (3) until crack deﬂection occurs or the whole considered time interval is
passed.
Similar to the approach developed by Lo et al. (1994), the interfacial crack growth is modeled by releasing
the nodes ahead of the moving crack-tip whenever condition Eq. (13) is satisﬁed. This will take place only after
several time steps, say at discrete times tmk1 ; tmk ; . . ., because of the limitation of the crack element length,_a < c2R < c
2
L 6 Dyin=Dt:It should be noted that the nodes will not be released until the facture criterion is satisﬁed at the next consec-
utive time step. The numerical crack-tip speed is computed as the averaged value over the whole interval be-
tween two instants of discrete crack advance_aðtÞ 	 Dyin
tmk  tmk1
¼ Dyin
Dtðmk  mk1Þ ; t 2 ½tmk1 ; tmk : ð26ÞAssume tm is the current time and tmk is the last instant of the discrete crack advance. After the onset of crack
growth ( _a > 0Þ, the DSIFs are averaged asKðtmÞ ¼ 1tm  tmk
Z tm
tmk
KðtÞdt:Three stages of the crack propagation along the interface should be simulated: crack initiation, crack exten-
sion and crack arrest.
For a stationary crack, once the condition YtP 0 (see Eq. (13)) is ﬁrstly satisﬁed at tin, then the instant tin
denotes the theoretical crack initiation time instead of the numerical crack initiation time because Dy in=Dt < c
2
T.
Here we deﬁne that the ﬁrst new node will be released until the facture criterion is satisﬁed at the two consec-
utive time steps, i.e., Y tm1 P 0 for _aðtm1Þ ¼ 0 and Y tm P 0 for _aðtmÞ ¼ Dyin=ðtm  tinÞ. Thus the numerical
crack initiation time is tm1 . The modeling of crack extension is similar to that for the crack initiation. But if,
at tm, the time passed since the last crack-tip jump becomes longer than that corresponding to the value
currently in use for c, the crack-tip speed is made topical according to _aðtÞ ¼ minf _aðtÞ;Dyin=½Dtðm mkÞg. This
will take place when the crack slows down.
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ECinðmÞ ¼ ECinðm 1Þ, then we set the next crack-tip speed _aðtmþ1Þ ¼ 0. However, in this case, two situations
should be considered. One case is Y tmþ1 < 0 for _aðtmþ1Þ ¼ 0, which means that the crack will arrest. The other is
Y tmþ1 P 0 which means that the crack-tip speed should be in the interval ½0; _aðtmÞ. Then we use an iterative
scheme to gradually decrease the crack-tip speed, that is, calculate the crack-tip speed with
_aðtmþ1Þ ¼ Dyin=½ðmk  mk1 þ qÞDt iteratively by taking q = 1, 2, 3, . . . If Y tmþ1 > 0 for q = j and Y tmþ1 < 0
for q = j + 1, then _aðtmþ1Þ ¼ Dyin=½ðmk  mk1 þ jÞDt. So the crack slows down in this situation.
4. Numerical results and discussion
The above described scheme is applied to study some typical examples. The DSIFs for a stationary inter-
facial crack and phase angle and those for a running crack at a constant velocity are chosen to verify the pro-
gram. In further examples the crack growth trajectories for kinking of an interfacial crack are computed for
diﬀerent material combinations.
4.1. Verifying samples
4.1.1. Stationary interfacial crack
Two square plates with the same dimension 20 mm · 20 mm are bonded together and a center crack lies on
the interface, see Fig. 3. The length of the crack is 5 mm. The whole bi-material system is subjected to a uni-
formly distributed impact load r2H(t) at the upper and lower sides of the plates. For the computation, the
crack is divided into four elements and the external boundaries of the two square plates are divided into 64
elements. The time interval is chosen as Ds = 0.1635 ls. The material parameters of the two materials are
set to be equal as m1 = m2 = 0.3, q1 = q2 = 5000 kg m
3 and l1 = l2 = 76923 MPa. In this case, a center inter-
facial crack in a bi-material plate with the same material properties is in theory identical to a center matrix
crack in a homogeneous rectangular plate. This special case can be treated by two methods. One is to use
the method developed in this paper and to consider the crack as an interfacial crack. The magnitude of the
complex stress intensity factor jKj is computed by Eq. (24). The other is to apply the method presented byinterface crack
#1
#2
( )2H tσ
( )2H tσ
20mm
20
m
m
20
m
m
5mm
Fig. 3. A center interfacial crack in a bi-material plate.
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Fig. 4. Comparison of the results of two methods.
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DSIF KI. Because of the symmetry in both conﬁguration and loading, the second DSIF KII = 0. So we have
jKj = jKIj. Fig. 4 shows the curves of jKj versus time t from the two methods. They are basically overlapped
which partly veriﬁes the correctness of our program. A slight diﬀerence appears here which may be resulted
from the numerical disposal with the diﬀerent BIEs used in the two methods. As stated in Section 2.2, the pres-
ent method applies the mixed BIEs involving the traditional displacement BIEs, while Zhang and Gross (1993)
used the single non-hypersingular traction BIEs.
4.1.2. Running interfacial crack with a constant velocity
A dynamically moving crack with its initial length 2a0 along the bi-material interface of two inﬁnitely large
isotropic solids is considered by using time-domain BEM. This problem has been studied by Lo et al. (1994)
using FEM. The whole system is under a remote pure tensile load. The Poisson’s ratios and mass densities are
ﬁxed as m1 = m2 = 0.3 and q1 = q2 = 1.3461 g cm
3. The ratio of Young’s moduli is selected as (1) E2/E1 = 1.0
(homogeneous case) and (2) E2/E1 = 5.0, respectively. Our interest is to investigate how the phase angle
changes as the crack propagates and to compare ours with Lo’s results. Three diﬀerent values of crack veloc-
ity, c=c1T ¼ 0:8, 0.6 and 0.4, are chosen for analysis. The present results (the solid lines) and the corresponding
results by Lo et al. (1994) (the scattered squares) are plotted and compared in Fig. 5. Good agreement can be
observed especially for lower crack-tip speeds. The slight diﬀerence shown in the ﬁgure is due to the fact that
the phase angle is taken for the case of L! 0 in the present paper but for the case of L! a0 in Lo et al. (1994).
A somewhat notable diﬀerence (the error is up to 12%) appears for the case of c=c1T ¼ 0:8. This may be the
result of the inadaptable selection of the growing crack-element length. For coherence and comparability
of the computed results, we take the same crack-element length. And as known, longer crack-elements may
yield more notable numerical errors for faster crack growth than for slower crack growth.0 1 2 3                   4
0
30
60
 E2/E1=5
 E2/E1=1
v/cT
1
=0.4
v/cT
1
=0.6
v/cT
1
=0.8
ψ 
(o )
tcL
1/a0
present results
 Lo's results
Fig. 5. Phase angles for diﬀerent crack-tip velocities compared with Lo’s results (Lo et al., 1994).
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Recently, Kimberley and Lambros (2004) have experimentally analyzed the dynamic crack kinking from a
bi-material interface applying the optical technique of coherent gradient sensing (CGS) coupled with a high-
speed camera. This problem will be numerically studied by using BEM developed above and the results will be
compared with the experimental ones.
The experimental specimen (see Fig. 6) was generated by bonding a plate of polymethylmethacrylate
(PMMA) to a plate of Homalite-100 (a transparent polymer with mechanical properties similar to those of
PMMA) and their material properties are given in Table 1. The PMMA and Homalite constituents are all
127152 mm2 rectangular plates. A sharp crack of 20 mm length is introduced on the prospective interface.
The two plates are then polymerized together and thus do not introduce a third material into the specimen.
The dynamic interface toughness has been determined as Cin = 150 J/m
2. In their experiments, to generate
a range of near tip mode mixity and to achieve diﬀerent kink angles, specimens were impact-loaded using a
high-speed gas gun in two diﬀerent loading conﬁgurations, represented schematically in Fig. 6, where dl
and dr indicate the impact location of the centerline of the projectile (50 mm diameter, 75 mm length) with
respect to the interface.
In our computation, the exterior boundaries of the two materials are divided into 122 elements. The inter-
face has 32 elements and the initial crack has ﬁve elements, i.e., NC = 5. The time interval is chosen as
Ds = 1.8 ls. The impact load by gas gun is simulated by a linear function F(t) = Kt with K = 4.5 ·PMMA
#1
#2
25mmrδ = −
127mm
15
2m
m
15
2m
m
20mm +25mmlδ =
Projectile
  pre-crack
Homalite-100
Fig. 6. Impact loading conﬁgurations used in the experimental study with diﬀerent crack-tip mode mixity being generated by diﬀerent
value of dl or dr.
Table 1
Material parameters of some materials
Aluminum PMMAa Homalite-100
E (GPa) 80 3.24/5.6 5.3
KICðMPa
ﬃﬃﬃﬃ
m
p Þ 2.83 0.6/1.1 0.6
cL (m s
1) 6320 2080/2330 2220
cT (m s
1) 3380 1000/1330 1270
m 0.33 0.35/0.35 0.35
q (kg m3) 2700 1200/1200 1230
a Note: the data of PMMA in the table above or under ‘/’ are for the material combination aluminum/PMMA from Lo et al. (1994) and
PMMA/Homalite-100 from Kimberley and Lambros (2004), respectively.
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using the empirical formula (Seelig, 1997):Fig. 7.
LambrKID ¼ KIC  ½1:0þ 2:5 ð _a=cT Þ2 þ 3:9 104  ð _a=cT Þ10:
It should be noted that the static critical energy release rate CC can be derived from CC ¼ K2ICð1 m2Þ=E for the
plane stain state and from CC ¼ K2IC=E for the plane stress state. The dynamic critical energy release rate Cd
(Cd1 or C
d
2) can be determined by C
dð _a; cÞ ¼ CIdð1 _a=vlimÞc (where CId denotes the initial toughness under
mode-I loading) (Rosakis et al., 1984) or Cd ¼ K2ID=ð8lB1Þ. Here the former is employed. Additionally, Gm
is the maximum value of GðuÞ2 with u varying from 1 to 179 which is computed one by one. Unfortunately,
this brings enormous computational complexity. To avoid this, we replace Gm P Cd2 by gGin P C
d
2. According
to Table 1, the Dundurs’ parameters for PMMA/Homalite-100 are a 	 0.0275 and b 	 0.00635. So it is in
proximity to homogeneous medium. Based on the quasi-static relationship between Gin/G2 and the kink angle
u for various crack-tip mixities w presented in He and Hutchinson (1989), it can be found that
Gm 	 1.0 
 2.0Gin for smaller values of w. Therefore we take g = 1.0 
 2.0 in the computations.
We ﬁrst consider the case of dr = 25 mm, which employs impact on the right (uncracked) side of the sam-
ple and results in the shear opening of the crack faces. We select g = 1.0, 1.5 and 2.0 in our computations. The
numerical results show that diﬀerent choice of g has little inﬂuence on the crack advance trajectory but obvi-
ously eﬀects the initiation time of the crack kinking (The initiation times for g = 1.0, 1.5 and 2.0 are 91.0 ls,
84.1 ls and 79.0 ls, respectively). Since we are interested in the crack growth path, we choose a = 1.0 in the
following calculation for simplicity. Fig. 7 shows the numerically simulated crack advance trajectory. The
curve with Da/a0 = 0.2 is for NC = 5 (i.e., ﬁve elements for the initial interfacial crack). The crack kinks into
Homalite and the angles of the ﬁrst ﬁve elements are 5.0, 58.0, 41.9, 34.0 and 30.1. For compar-
ison, the experimental result taken from the interferograms by Kimberley and Lambros (2004) is also plotted
by the dotted line in the ﬁgure. The kink angle in their experiment is 37. It is found that our results agree
well with the experimental results except for the ﬁrst element. This is due to the fact that the condition of
dynamic HH criterion Da! 0 is not well satisﬁed in our numerical simulation (Da = 4 mm). Therefore we
selected a smaller crack-element length Da = 2 mm (Da/a0 = 0.1) and recomputed this case. The results are
also plotted in Fig. 7. Compared with the former results for Da/a0 = 0.2, we can ﬁnd that the crack kinkingCrack trajectory in PMMA/Homalite with dr = 25 mm from present numerical results and experimental results (Kimberley and
os, 2004).
Fig. 8. Crack trajectory in PMMA/Homalite for dr = 25 mm from present numerical results and experimental results (Kimberley and
Lambros, 2004).
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50 (closer to the experimental results) if a suﬃciently small value of Da is selected.
Next we consider the case of dr = +25 mm. The numerical and experimental results (Kimberley and Lamb-
ros, 2004) are given in Fig. 8. Kimberley and Lambros got the experimental kink angle as 36 (Kimberley and
Lambros, 2004). Our results say that the crack kinks into PMMA and the angles of the ﬁrst ﬁve elements are
3.0, 64.6, 49.5, 42.8 and 41.6. Again we can ﬁnd that our results agree well with the experimental results
except for the ﬁrst element.
In the following example the case of dl = 25 mm is considered, where the impact appears on the cracked
side which causes the crack faces to close since a compressive stress state is generated in the crack-tip region.
Here we introduced the penalty method developed by Seelig (1997) to deal with the contact problem. Fig. 9
displays the numerical results for the crack growth trajectory in comparison with the experimental result
(Kimberley and Lambros, 2004). The experimental kink angle was 86. The numerical result shows the crack
will kink into Homalite and the angles of the ﬁrst ﬁve elements are 68.0, 53.9, 84.9, 65.8 and 76.3.
Again good agreement between the numerical experimental results is observed.
It can be found from Figs. 7–9 that the diﬀerences between the numerical results and the experimental ones
are gradually increasing after a stage of the crack increment. The diﬀerences perhaps result from the fact that
the ideal boundary conditions adopted in our numerical simulations are not very strictly agreed with the
experimental conditions. This may becomes more notable when the crack grows near to the boundary. Also
the exact numerical simulation of the practical loading cases is almost impossible.
The averaged crack-tip speed after crack kinking was found by applying a linear ﬁt to the crack-tip position
data in Kimberley and Lambros (2004). In most cases the averaged crack-tip speed achieved after kinking was
around 0.5cR (cR is the Rayleigh wave speed in Homalite) (Kimberley and Lambros, 2004). The numerically
calculated crack speed is about 0.47cR. Considering the roughness of the element meshing and speed simula-
tion, this result is basically in accordance with the experimental result.
Comparison of the so far presented numerical results with the experimental results shows that the devel-
oped numerical method is eﬃcient. Therefore we will use the same numerical method to study some further
examples for a uniformly distributed impact load r0 H(t), see Fig. 10. The geometry of the plate is the same
as shown in Fig. 6. Two material combinations, Al/PMMA and PMMA/Homalite are considered. The mate-
rial parameters are also listed in Table 1.
pre-crack
#1
#2
( )2H tσ
( )2H tσ
( )1H tσ( )1H tσ
Fig. 10. A bi-material plate subjected to bi-axial tensile impact loading.
Fig. 9. Crack trajectory in PMMA/Homalite for dl = 25 mm from present numerical results and experimental results (Kimberley and
Lambros, 2004).
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case of uniaxial loading. The interfacial crack directly kinks out of the interface with the kink angle u 	 75
and then grows along a path nearly parallel to the interface.
In Fig. 12 the results for the material combination of PMMA/Homalite under uniaxial loading are dis-
played. The diﬀerence to Fig. 11 for Al/PMMA is that the crack propagates along the interface (two crack
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0.08
0.12
0.16
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Fig. 11. Crack trajectory in Al/PMMA for r1 = 0.
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Fig. 12. Crack trajectory in PMMA/Homalite for r1 = 0.
1010 J. Lei et al. / International Journal of Solids and Structures 44 (2007) 996–1012elements), and then kinks into Homalite at an angle of about 7, and subsequently deﬂects gradually away
from the interface.
Fig. 13 shows the crack growth path in a PMMA/Homalite bi-material plate under bi-axial loading
r1 = r2 = 80 MPa. The crack directly kinks away from the interface with u 	 67 and grows in this
direction.
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Fig. 13. Crack trajectory in PMMA/Homalite for r1 = r2.
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In this paper a dynamic HH criterion was generalized from the quasi static one. Coupled with the hybrid
time-domain BEM, the dynamic kinking behaviors of an interfacial crack has been numerically simulated
under diﬀerent impact loads. A spatial function with the shape as gðyÞ 
 ﬃﬃrp was introduced to avoid the sin-
gular stress oscillatory in the vicinity of the interfacial crack-tips. A penalty method was adopted to deal with
the contact of the crack faces under some loading conditions.
Some simple examples were studied to verify the correctness of the presented scheme. The kinking of an
interfacial crack has been numerically studied using BEM and the results were compared with the experimen-
tal interferograms given by Kimberley and Lambros (2004). Good agreement states that the numerical method
and dynamic HH criterion are suﬃciently eﬀective and can be employed to simulate the dynamic kinking of an
interfacial crack. Some diﬀerences between our results and the experiments, we believe, are caused by the
roughness of the element meshing and simulation of the dynamic load.
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